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Abstract
The modern theory of option pricing was based on the ideas of Black-Scholes framework
firstly published in [2]. Nowadays it is accepted that these models (see [14] for a complete
overview) are not sufficiently accurate in capturing the real world features of the stock markets,
because its idealized assumptions do rarely hold in practice. One of them is the limitation of
constant volatility, which can be relaxed by models with assumptions of stochastic volatility.
There are a number of models, e.g. models by Hull-White [8], Scott [10], Stein-Stein [12]
or Heston [5]. A standard mathematical approach to these models leads to partial differential
equations (PDEs) completed by the system of boundary and terminal (initial) conditions, where
the (semi) closed-form solution is not always attainable and one has to construct numerical
approximations.
The performance demands on the numerical valuation process is very high and several
techniques have been developed to obtain efficient pricing algorithms over last years, from
lattice/trees methods [3], over finite difference schemes [11] to finite element approaches [1, 13].
These methods have also its limitations in the treatment of numerical option pricing under
more complex market conditions such as an assumption of a stochastic volatility. Therefore, it
should be convenient to follow novel alternative option pricing schemes which are also robust
with respect to different market conditions that need to be taken into account.
In this work we propose a numerical technique based on the discontinuous Galerkin method
(see [9]) to unify the option pricing under a wide spectrum of volatility models with one
stochastic process. Let us consider a financial asset whose price is given by the stochastic
differential equation
dSt = µSt dt + σt St dWt ,
(1)
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where µSt dt is a drift term with a constant rate µ, Wt is a Brownian motion and σt is the
volatility. Further, we assume that σt = f (yt ) for some positive function f and yt is the general
driving process
dyt = A(yt , t)dt + B(yt , t)dZt ,
(2)
where nothing will be assumed about the functions A(·, ·) and B(·, ·), and the second Brownian
motion Zt is correlated to Wt as dWt dZt = ρdt with factor ρ ∈ (−1; 1).
Note that a suitable choice of A and B can include different processes such as lognormal,
mean-reverting OU process or CIR process. Secondly, the setting of f together with the value
of the correlation coefficient leads to particular stochastic volatility models, the frequently used
models are listed in the following table (α, β and m are positive constants).
Model
Heston
Hull-White
Scott
Stein-Stein

yt process
√
A(y, t) = α(m − y) B(y, t) = β y
A(y, t) = αy
B(y, t) = βy
A(y, t) = α(m − y) B(y, t) = β
A(y, t) = α(m − y) B(y, t) = β

function f
√
f (y) = y
√
f (y) = y
f (y) = exp(y)
f (y) = |y|

correlation
ρ 6= 0
ρ=0
ρ=0
ρ=0

Next, we consider a European option on the financial asset S (for the sake of clarity we
omit the subscript t) with maturity T and assume instantaneous risk-free interest rate r. The
option price V (S, y, t) depends on the underlying asset S, the driving process y and the actual
time t. A common approach based on no arbitrage principle, Ito’s stochastic calculus and
a construction of a sophisticated portfolio leads to the pricing PDE, which can be decomposed
in the following way
∂V
+ LfBS (V ) + Lfcorr (V ) + Lproc (V ) − Lprem (V ) = 0,
∂t

S > 0, y ∈ IR, t ∈ [0, T ),

(3)

where differential operators (representing Black-Scholes part, correlation, driving process and
premium) are defined as
1 2
∂2V
∂V
f (y)S 2 2 + rS
− rV,
2
∂S
∂S
∂2V
Lfcorr (V ) = ρB(y, t)Sf (y)
,
∂S∂y
1 2
∂2V
∂V
Lproc (V ) =
B (y, t) 2 + A(y, t)
2
∂y
∂y
∂V
Lprem (V ) = B(y, t)Λ(S, y, t)
.
∂y
LfBS (V ) =

Let us mention that the term Lprem (V ) is called a premium on the volatility risk, where Λ
is usually defined as
µ−r q
Λ(S, y, t) = ρ
+ 1 − ρ2 γ(S, y, t),
(4)
f (y)
where the function γ is the risk premium factor (market price of the volatility risk) and can be
chosen arbitrarily.
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In order to obtain the initial boundary value problem, the pricing equation has to be restricted on a bounded domain Ω ⊂ IR+ × IR and closed with the set of initial and boundary
conditions. Since (3) is backward in time, the initial (terminal) condition at maturity date T is
given by the payoff function V 0 (S) depending on the type of a option (call or put). Due to the
localization of (3) on Ω, one has to prescribe mixed boundary conditions on appropriate parts
of ∂Ω, which are chosen compatible with the payoff and using knowledge on the asymptotic
behavior of options.
Since the pricing equation is closely related to the convection-diffusion equation, which
exhibits parabolic and hyperbolic behavior in dependency on a proportion of the convection
and diffusion parts, the numerical schemes for solving of such equation should be constructed
with respect to these properties. Here, we extend the DG framework from [6, 7] with some
modifications with respect to the unified approach to studied volatility models.
We construct solution Vh = Vh (t) from the finite dimensional space Shp consisting from piecewise polynomial, generally discontinuous, functions of the p-th order defined on the domain Ω.
Using a method of lines leads to a system of the ordinary differential equations
d
(Vh , ϕh ) + Ah (Vh , ϕh ) = 0 ∀ ϕh ∈ Shp , ∀ t ∈ (0, T )
dt

(5)

where the initial condition is given by V 0 , (·, ·) denotes the inner product in L2 (Ω) and the form
Ah (·, ·) stands for the DG semi-discrete formulation of the operator LfBS +Lfcorr +Lproc −Lprem .
Consequently, we realize the discretization in time by Crank-Nicolson scheme and obtain at
each time level tm ∈ [0, T ] the sparse matrix equation


τ
τ
τ
M + A Vm+1 = M − A Vm + (Fm+1 + Fm ) ,
2
2
2






(6)

where the vector Vm is related to the DG solution Vh (tm ), the matrix M to the mass matrix, the
matrix A to the bilinear form Ah and the vector Fm to the boundary conditions, respectively.
The existence and uniqueness of the DG solution is guaranteed by the invertibility of the
corresponding system matrix in (6).
Finally, the numerical results are presented on artificial benchmarks as well as on reference
market data in order to illustrate the usage of DG method to pricing of options under such
stochastic volatility models. All computations are carried out with an algorithm implemented
in the solver Freefem++, the detailed description can be found in [4].
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